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Abstract 

We continue the study of multidimensional operator multipliers 
initiated in [12]. We introduce the notion of the symbol of an operator 
multiplier. We characterise completely compact operator multipliers 
in terms of their symbol as well as in terms of approximation by finite 
rank multipliers. We give sufficient conditions for the sets of compact 
and completely compact multipliers to coincide and characterise the 
cases where an operator multiplier in the minimal tensor product of 
two C*-algebras is automatically compact. We give a description of 
multilinear modular completely compact completely bounded maps 
defined on the direct product of finitely many copies of the C*-algebra 
of compact operators in terms of tensor products, generalising results 
of Saar 

1 Introduction 

A bounded function : N x N ^ C is called a Schur multiplier if {ip{i,j)aij) 
is the matrix of a bounded linear operator on £2 whenever [aij) is such. The 
study of Schur multipliers was initiated by Schur in the early 20th century and 
since then has attracted considerable attention, much of which was inspired 
by A. Grothendieck's characterisation of these objects in his Resume [9]. 
Grothendieck showed that a function (p is a Schur multiplier precisely when 
it has the form = YlT=i^k{i)bk{j), where ak,bk N ^ C satisfy the 

conditions supj ^^^^ |afc(i)p < 00 and sup^ ^^^^ < 00. In modern 

terminology, this characterisation can be expressed by saying that (f is a 



'^Primary: 46L06, Secondary: 46L07, 47L25 

'^Keywords: operator multiplier, complete compactness, Schur multiplier, Haagerup 
tensor product 



1 



Schur multiplier precisely when it belongs to the extended Haagerup tensor 
product £00 ®eh ^00 of two copies of ioo- 

Special classes of Schur multipliers, e.g. Toephtz and Hankel Schur multi- 
pliers, have played an important role in analysis and have been studied exten- 
sively (see [IH]). Compact Schur multipliers, that is, the functions ip for which 
the mapping (ajj) — > {(f{i,j)aij) on B{£2) is compact, were characterised by 
Hladnik [11], who identified them with the elements of the Haagerup tensor 
product Co ®h Co- 

A non-commutative version of Schur multipliers was introduced by Kissin 
and Shulman [T^ as follows. Let A and B be C*-algebras and let tt and p 
be representations of A and B on Hilbert spaces H and K, respectively. 
Identifying H ® K with the Hilbert space C2{H^,K) of all Hilbert-Schmidt 
operators from the dual space H'^ of H into K, we obtain a representation 
cr7r,p of the minimal tensor product A® B acting on C2{H^, K). An element 
if E A® B \s called a 7r,p- multiplier if aT,^p{ip) is bounded in the operator 
norm of C2{H^,K). If is a 7r,p-multiplier for any pair of representations 
(tt, p) then if is called a universal (operator) multiplier. 

Multidimensional Schur multipliers and their non-commutative versions 
were introduced and studied in [12], where the authors gave, in particular, a 
characterisation of universal multipliers as certain weak limits of elements of 
the algebraic tensor product of the corresponding C*-algebras, generalising 
the corresponding results of Grothendieck and Peller [DJ HH] as previously 
conjectured by Kissin and Shulman in [14J. Let Ai, . . . ,An be C*-algebras. 
Like Schur multipliers, elements of the set M{Ai, . . . , An) of (multidimen- 
sional) universal multipliers give rise to completely bounded (multilinear) 
maps. Requiring these maps to be compact or completely compact, we define 
the sets of compact and completely compact operator multipliers denoted by 
Mc{Ai, . . . , An) and McdAi, . . . , An), respectively. The notion of complete 
compactness we use is an operator space version of compactness which was 
introduced by Saar [21] and subsequently studied by Oikhberg \W\ and Web- 
ster [27]. Our results on operator multipliers rely on the main result of Sec- 
tion [3] where we prove a representation theorem for completely compact com- 
pletely bounded multilinear maps. In [3] Christensen and Sinclair established 
a representation result for completely bounded multilinear maps which im- 
plies that every such map $ : }C{H2, Hi) ®h • • • ®h J^{Hn, Hn-i) — > }C{Hn, Hi) 
(where, for Hilbert spaces H' and H", we denote by JC{H', H") the space of 
all compact operators from H' into H") has the form 

^Xi ® ■ ■ ■ ® X„_i) = Ai{xi ® 1)A2 . . . (x„_i ® l)An, (1) 

for some index set J and bounded block operator matrices Ai G Mi^j{B{Hi)), 
A2 e Mj{B{H2)), . . . ,An e Mj^i{B{Hn)). In other words, $ arises from an 
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element 



u = AiQ---QAne B{Hi) Oeh ■ ■ ■ Och B{Hn) 



of the extended Haagerup tensor product of B{Hi), . . . , B{Hn). Moreover, 
if $ is A[, . . . ^^-modular for some von Neumann algebras Ai, . . . , An, then 
the entries of Ai can be chosen from Ai. We show in Section [3] that a map 
$ as above is completely compact precisely when it has a representation of 
the form where 



ti = ■ ■ ■ A„ G /C(i/i) 0h (S(^2) ®eh ■ ■ ■ ®eh B{Hn-l)) 0h ^{Hn). 



This extends a result of Saar [21j in the two dimensional case. If, additionally, 
^1, . . . , An are von Neumann algebras and $ is ^'i, . . . ^^-modular then u 
can be chosen from lC{Ai) 0^ (^2 ®eh ■ ■ ■ ®eh -^n-i) ®h ^(-^n), where /C(^) 
denotes the ideal of compact elements of a C*-algebra A. As a consequence 
of this and a result of Effros and Kishimoto |4j we point out the completely 
isometric identifications 



where CC{X) and CB{X) are the spaces of completely compact and com- 
pletely bounded maps on an operator space X, respectively. 

In Section m we pinpoint the connection between universal operator multi- 
pliers and completely bounded maps. This technical result is used in Section |5] 
to define the symbol of an operator multiplier ip G M{Ai, . . . ,An) which, 
in the case n is even (resp. odd) is an element of An 0ch ^n~i ®ch ■ ■ ■ ®ch 
(resp. An 0eh -^n-i ®ch " " " ®ch -^i)- Here A" is the opposite C*-algebra of 
A. This notion extends a similar notion that was given in the case of com- 
pletely bounded masa-bimodule maps by Katavolos and Paulsen in \13\ . We 
give a symbolic calculus for universal multipliers which is used to establish a 
universal property of the symbol related to the representation theory of the 
C*-algebras under consideration. 

The symbol of a universal multiplier is used in Section [6] to single out the 
completely compact multipliers within the set of all operator multipliers. In 
fact, we show that ip G M^dAi, . . . , An) if and only if 



which is equivalent to the approximability of (p in the multiplier norm by op- 
erator multipliers of finite rank whose range consists of finite rank operators. 
It follows that a multidimensional Schur multiplier if G ioo{Xi X ■ ■ ■ X Xn) is 
compact if and only if G Co(Xi) 0^ (£00(^^2) ®eh ■ ■ ■0eh^oo(-^n-i))®hCo(-^n)- 



CC{K{H^,H^)) 



(/C(i7i)0h/C(/72)) 



CB{B{H^,H^)) 




/C(A) ®h (^n-i ®ch ■ ■ ■ ®ch A2) 0h ^{Ai) if n is even 
/C(A) ®h (^n-i ®ch ■ • • ®ch AI) 0h lC{Ai) if n is odd. 
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In Section[7]we use Saar's construction [21j of a completely bounded com- 
pact mapping which is not completely compact to show that the inclusion 
Mcc{Ai, . . . , An) C Mc{Ai, . . . , An) is proper if both IC{Ai) and IC{An) con- 
tain full matrix algebras of arbitrarily large sizes. However, if both }C{Ai) and 
]C{An) are isomorphic to a Co-sum of matrix algebras of uniformly bounded 
sizes then the sets of compact and completely compact multipliers coincide. 
The case when only one of }C{Ai) and }C{An) contains matrix algebras of 
arbitrary large size remains, however, unsettled. Finally, for n = 2, we char- 
acterise the cases where every universal multiplier is automatically compact: 
this happens precisely when one of the algebras Ai and A2 is finite dimen- 
sional and the other one coincides with its algebra of compact elements. 
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2 Preliminaries 

We start by recalling standard notation and notions from operator space 
theory. We refer the reader to pQ, [H], [IS] and [20] for more details. 

If H and K are Hilbert spaces we let B{H,K) (resp. }C{H,K)) denote 
the set of all bounded linear (resp. compact) operators from H into K. If / 
is a set we let be the direct sum of |J| copies of H and set H°° = H^. An 
operator space £^ is a closed subspace of B{H,K), for some Hilbert spaces 
H and K. The opposite operator space S° associated with S is the space 
S" = {x'^ : X e 8} C B{K^, H<^). Here, and in the sequel, = {^^ : ^ e H] 
denotes the dual of the Hilbert space if, where ^^{rj) = [1],^,) for rj E H. Note 
that H'^ is canonically conjugate-linearly isometric to H. We also adopt the 
notation x'^ G B{K'^,H'^) for the Banach space adjoint of a; G B{H,K), so 
that x'^C,'^ = {x*^)^ for C, E K. As usual, S* will denote the operator space 



4 



dual of S. If n, m G N, by Mn^m{£-) we denote the space of all n by m matrices 
with entries in £ and let Mn{£) = M„^„(£^). The space M„m(^^) carries a 
natural norm arising from the embedding Mn,m{£) ^ B{H"^, K^). Let I and 
J be arbitrary index sets. If f is a matrix with entries in S and indexed by 
I X J, and /o C / and Jo C J are finite sets, we let f/o.Jo ^ ^/o,^o(^) ^"^ 
the matrix obtained by restricting v to the indices from Jq x Jq. We define 
Mj^j[£) to be the space of all such v for which 

||f II =^ sup{||f/,)_j(,|| : Iq I, Jq J finite} < oo. 

Then Mjj{S) is an operator space [HI §10.1]. Note that Mj j{B{H, K)) can 
be naturally identified with B{H'^ , K^) and every v G Mj j{B{H, K)) is the 
weak limit of {f/o,Jo} along the net {(/q, Jq) '■ Io ^ I i Jo ^ J finite}. We set 
Mi{£) = Mij{£).' For A = (aij) G M7(^), we write A'^ = (aj) G M7(f°). 

2.1 Completely bounded maps and Haagerup tensor 
products 

If £ and are operator spaces, a linear map $ : £^ — JF is called completely 
bounded if the maps ^^'^^ : Mfe(£) Mfc(JF) given by $('')((aij)) = ($(aij)) 

are bounded for every A; G N and ||$||cb *= sup^ ||$^'^-'|| < oo. 

Given hnear spaces £i, . . . ,£n, we denote by © ■ ■ ■ their alge- 
braic tensor product. If £i,...,£n are operator spaces and = (af^) G 
Mmj.,mfc+i (^^fc), TTT'k G N, A; = 1, . . . , n, we define the multiplicative product 

. . . a" G M^,,„„^,(^i ... 

by letting its (z, j)-entry (a^ ■ ■ ■ a'')ij be Ei2,...,»„ 4,^2 ® ^L^a ® " " " ® «r„j- 
If £ is another operator space and ^ : £i x ■ ■ ■ x £n —>■ £ is a multilinear map 
we let 

: M„,{£i) X ... X Mmi£n) ^ M„(^) 

be the map given by 

($(-)(a\...,a"))^^= J] $(4,,a^,3,...,all,,), 

where a'^ = (aj^) G Mm{£k)i k = 1, . . . ,n. The multilinear map $ is called 
completely bounded if there exists a constant C > such that, for all m G N, 

||<l>('")(a\...,a")|| < C||ai ... ||a"||, a'' G M^{£k), k = l,...,n. 
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Set ||<l>||cb = sup{||$(™)(a\...,a'^)|| : m G N, ||ai||, . . . , ||a"|| < 1}. It is well- 
known (see [HI |l7j) that a completely bounded multilinear map $ gives rise 
to a completely bounded map on the Haagerup tensor product ®h ■ ■ ■ ®h^n 
(see [6] and [20] for its definition the and basic properties). 

The set of all completely bounded multilinear maps from Si x ■ ■ ■ x Sn 
into S will be denoted by CB{£i x ■ ■ ■ x £)■ If . . . , £n and £ are dual 
operator spaces we say that a map $ G CB{£i x ■ ■ ■ x £n, £) is normal [B] if 
it is weak* continuous in each variable. We write CB"{£i x ■ ■ ■ x £n,£) for 
the space of all normal maps in CB{£i x ■ ■ ■ x £n,£). 

The extended Haagerup tensor product £i ®ch ■ ■ ■ ®eh is defined [5] as 
the space of all normal completely bounded maps u : £1 x ■ ■ ■ x £^ ^ <C 
It was shown in [5J that if u G (S>ch ■ ■ ■ ®eh £n then there exist index 
sets Ji, J2, . . . , Jn-i and matrices = {a\ G Mi^j^(£^i), = (a^J G 
Mj,,j,(^2),...,a" = (a^i) G Mj„_,,i(£„) such that if G ^ = l,..'.,n, 
then 

/i ® ■ ■ ■ ® /n) = w(/i, . . . , /n) = {a\ /i) . . . (a", /„), (2) 

where {a'',fk) = {fk{as,t))st product of the (possibly infinite) ma- 

trices in ([2]) is defined to be the limit of the sums 

iie-Fi,...,i„_ieF„_i 

along the net {(Fi x ■ ■ ■ x F„_i) : Fj C Jj finite, 1 < j < n — 1}. We may thus 
identify u with the matrix product Q ■ ■ ■ Q a"^; two elements Q ■ ■ ■ Q a"' 
and ■ ■ ■ a" coincide if (a-*^, /i) . . . (a", /„) = (a^, /i) • • • (a", /«) for all 
/i G 6^*. Moreover, 

lliillch = inf{||a^|| . . . ||a"|| : m = ■ ■ ■ a"}. 

The space £^1 0eh ■ ■ ■ ®ch has a natural operator space structure [S] . If 
£1, . . . ,£n are dual operator spaces then by [5l Theorem 5.3] £1 0eh ■ ■ ■ 0eh £n 
coincides with the weak* Haagerup tensor product £1 0w*h • ■ ■ 0w*h £n of 
Blecher and Smith [2j. Given operator spaces jFj and completely bounded 
maps Qi : £i ^ Ti^ i = 1, . . . ,n, Effros and Ruan [S] define a completely 
bounded map 

g = gi<^ch--- ®ch gn ■■ £l®ch--- ®ch £n ^ ®eh ■ ■ ■ ®eh ^n, 

■ ■ ■ a" h-^ (a\ ^1) ■ ■ ■ (a", 

where {a'',gk) = {gk{a'^j)). Thus 

{g{u), /i ■ ■ • /„) = (^i, (/i o ^1) • • ■ (/„ o g^)) (3) 
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for u e £i ®eh ■ ■ ■ ®eh £n and fi e JF*, i = 1, . . . , n. 

The following fact is a straightforward consequence of a well-known the- 
orem due to Christensen and Sinclair [3], and it will be used throughout the 
exposition. 

Theorem 2.1. Let Hi be a Hilbert space and TZi C B{Hi) he a von Neumann 
algebra, i = 1, . . . , n. There exists an isometry 7 from IZi ®c\i ■ ■ ■ ®ch Tin 
onto the space of all TZ'^, . . . , IZ'^-modular maps in C B'^ {B{H2, Hi) x ■ ■ ■ x 
B{Hn, Hn-i), B{Hn, Hi)), givcn as follows: if u = Ai Q ■ ■ ■ Q An E TZi ®eh 
• • • (8)eh TZ-n then 

7(m)(Ti, . . . ,T„_i) = Ai{Ti ® 1)^2 . . . A„_i(T„_i ® I) An, 

for all Ti G B{Hi+i,Hi), i = 1, . . . ,n - 1. 

We now turn to the definition of slice maps which will play an important 
role in our proofs. Given Ui G B{Hi)* we set L^-^ = a;i idB{H2)- After 
identifying C®B{H2) with B{H2) we obtain a mapping called a left slice map 
L^-, : B{Hi)(g)ehB{H2) B{H2). Similarly, for uj2 G B{H2)* we obtain a right 
shce map R^^ : BiHi) ®ch B{H2) B{Hi). If u = Y.iei Vi^WiE B{Hi) (g)ch 
B{H2) where v = ivi)^eI E Mij{B{Hi)) and w = {wi)i^i E Mi^i{B{H2)), 
then 

L^^{u) = ^uji{vi)wi and R^^{u) = ^uj2{wi)vi. 

Moreover, 

{R^.,{u),UJi) = {u,UJi^U2) = {L^^{u), UJ2) = '^UJi{Vi)u2{Wi). (4) 

iei 

It was shown in [21] that if £^ C B{Hi) and JF C B{H2) are closed sub- 
spaces then, up to a complete isometry, 

^ ®eh ^ = {^^ G S(i^i) ®ch i3(/72) : i^..! E T and i?^, (m) G ^ 

for all cji G and G B[H2).} ' 

= {uE B{Hi) ®eh B{H2) : L^,{u) E T and R^^{u) E 8 

for all uJi E B{Hi)* and 002 E B{H2)*}. 

Moreover 

^ ®h = {m G BiHi) ®h ^(^2) : (u) E T and i?^^ (m) G ^ 

for all uJi E B{Hi)* and c^s G i3(/f2)*}- 
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Thus, £ can be canonically identified with a subspace of B{Hi) 
B{H2) which, on the other hand, sits completely isometrically in B{Hi) (^^h 
B{H2)- These identifications are made in the statement of the following 
lemma which will be useful for us later. 

Lemma 2.2. If Hi, H2, H-^ are Hilhert spaces and £1,82 ^ B{Hi), T\,T2 ^ 
B{H2) and Qi,Q2 ^ B^H^) are operator spaces, then 

{£1 ®eh J^i) n (£2 ®h ^2) = {£1 n £2) ®h (-^1 n ^"2) and 
{£1 ®eh ^1 ®eh Qi) n {£2 ®h -^2 ®h G2) = {£1 n ^2) ®h (-^1 n .F2) ®h (Gi n ^^2) 

completely isometrically. 

Proof. Since ®eh and (S>h are both associative, the second equation follows 
from the first. If m G {£i ®ch ^i) H {£2 ®h -^2) ^ ®h 'S(//2) then 

G J^i n J^2 and R^{u) G ^1 n^2 whenever ^ G and e B{H2y. 

By ([6]), M G {£ir\£2) <^h{^i^^2) ■ The converse inclusion follows immediately 
in light of the injectivity of the Haagerup tensor product. □ 

2.2 Operator multipliers 

We now recall some definitions and results from [H] and [12] that will be 
needed later. Let Hi, ... , Hn be Hilbert spaces and H = ifi ® • ■ • ® Hn 
be their Hilbertian tensor product. Set HS{Hi, H2) = C2{Hf,H2) and let 
9hi,H2 '■ Hi ® H2 HS{Hi, H2) be the canonical isometry given by 9{^i ® 
C2)iv'^) = ''7)^ for ^1, ?7 G -ff 1 and ^2 ^ H2. When n is even, we inductively 
define 

HS{Hi, . . . , Hn) '= C2{HS{H2, H^y, HS(Hi, H4, . . . , Hn)), 
and let OH^^,,,^Hn '■ H HS{Hi, . . . , Hn) be given by 

dHi,...,H„{^2,3 ® = (^HS{H2,H3),HS{Hi,H4,,...,H„){dH2,H3{i2,?i) ® Ohi,H4,...,hAO) ^ 

where ^2,3 E H20 H3 and ^ E Hi 1^ H4 ■ ■ ■ 1^ Hn. When n is odd, we let 

HS {Hi, . . . , Hn) *= HS (C, Hi, . . . , Hn). 

If is a Hilbert space, we will identify C2{'C'^,K) with K via the map 
S S{1'^). The isomorphism Ohi,...,h„ in the odd case is given by 



8 



We will omit the subscripts when they are clear from the context and simply 
write 6. 

If ^ E Hi ® H2 we let ll^llop denote the operator norm of 0{^). By || ■ II2 
we will denote the Hilbert-Schmidt norm. 
Let 



r(ifi,...,i7„) 



{Hi ® H2) © {H2 ® H^Y ■ ■ ■ {Hn-i Hn) n even, 
{Hi H2Y (//2 ^3) ■ ■ ■ {Hn-i Hn) n odd. 



We equip r(ifi, . . . , iJ„) with the Haagerup norm || ■ ||h where each of the 
terms of the algebraic tensor product is given the opposite operator space 
structure to the one arising from the embedding H®K ^ {C2{H'^, K), || ■ ||op). 
We denote by || • ||2,a the projective norm on T{Hi, . . . ,Hn) where each of 
the terms is given its Hilbert space norm. 

Suppose n is even. For each ip G B{H) we let 5*1^ : T{Hi, . . . , Hn) — > 
B{Hf, Hn) be the map given by 

S^{0 = e{ip{^i,2 6,4 ■ ■ ■ U-l,n)mvi3)mvi,)) ■ ■ ■ iO{vt2,n-l)) 

where ( = ^1^2 3 ■ ■ • (.n-i,n ^ ^{Hi, . . . , Hn) is an elementary tensor. In 
particular, if Aj G B{Hi), i = 1, . . . ,n, and = Ai . . . A„ then 

^^(C) = A„^(a-i,„) . ..Aie{vyA2e{^i,2)Af. 

Now suppose that n is odd and let ( G T{Hi, . . . , Hn) and C,i E Hi. Then 
6 ® C e ^1 ^{Hi, ...,Hn) = r(C, Hi,...,Hn). 
For ip G B{H) we let Sy,{() be the operator defined on Hi by 

s^{C){^i) = Si^^{^i®C)- 

Note that Si,g,^{^i C) £ C2{C'^, Hn); thus, 5'^(C)(6) can be viewed as an 
element of Hn- It was shown in [12] that S^{() G B{Hi,Hn). If C = V12 ® 
^2,3 • • • ^n-i,n and = Ai . . . A„ for Aj G B{Hi), i = 1,. . .,n then 

5^(0 = A„^(a-i,„) . ..As9{^2,3)Ai9{r]f,)Ai. 

As observed in [T21 Remark 4.3], for any (f G B{H) and C G T{Hi, . . . , -ffn), 

||^^(C)l|op< IbllllClb.A. (7) 

On the other hand, an element ip G B{H) is called a concrete operator 
multiplier if there exists C > such that ||S'<^(C)||op < C*||C||h for each 
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C e T{Hi, . . . Whenn = 2, this is equivalent to ||5'<^(C) Hop < C'||^(C)l|op 

for each ( G Hi® H2- We call the smallest constant C with this property 
the concrete multiplier norm of if. 

Now let Ai be a C*-algebra and 7r.j : Ai B{Hi) be a representation, 
i = 1, . . . , n. Set = TTi®- ■ ■^'nn '■ Ai®- ■ ■® An ^ B{Hi ® - ■ ■® Hn) (here, 
and in the sequel, by we will denote the minimal tensor product of the 

C*-algebras A and B). An element E Ai® ■ ■ ■ ® An is called a tti, . . . , Tin- 
multiplier ii ni^ip) is a concrete operator multiplier. We denote by ||v5||7ri,...,7r„ 
the concrete multiplier norm of vr ((/?). We call ip a universal multiplier if it 
is a TTi, . . . , 7r„-multiplier for all representations tTj of Ai, i = 1, . . . , n. We 
denote the collection of all universal multipliers by M{Ai, . . . , An)] from this 
definition, it immediately follows that 

AiQ---®An^ M{Ai, ...,An)cAi®---®An. 
It was observed in [12] that if ip E M{Ai, . . . , An) then 

llv'llm *= sup{||v9||7ri,...,7r„ : TTj is a representation of Ai, i = 1, . . . ,n} < oo. 

It is obvious that if Ai and Bi are C*-algebras and pi : Ai ^ Bi is a *- 
isomorphism, i = 1, . . . ,n, then 

{pi®---® Pn){M{Au . . . , A)) = M(i3i, . . . , 

If is an operator, and {fu} a net of operators, acting on Hi ® ■ ■ ■ ® Hn 
we say that {(fu} converges semi-weakly to ip if (fu^yV) {vi^v) all 
^,ri E Hi Q ■ ■ ■ Q Hn- The following characterisation of universal multipliers 
was established in [12] (see Theorem 6.5, the subsequent remark and the 
proof of Proposition 6.2) and will be used extensively in the sequel. 

Theorem 2.3. Let Ai C B{Hi) he a C*-algehra, i = l,...,n, and (p G 
Ai® ■ ■ ■ ® An- Suppose that n is even- The following are equivalent: 
(i) ^EM{Ai,---,An); 

(a) there exists a net {ip^} where (p^ = A'( ® A2 ® ■ ■ ■ ® A'^ and A\ is 
a finite block operator matrix with entries in Ai such that Lp^ ip semi- 
weakly, ||v2y||m < n||yl2j||n||y42f^_i|| and the operator norms \\A^\\ for i even 
and 11^5''^ II for i odd, are hounded by a constant depending only on n. 

For every net {^Pu} satisfying (ii) we have that S^^{() S^{() weakly 
for all C = 6,2 ® ■ ■ ■ ® in-i,n e T{Hi, . . . , Hn) and sup^ Hv^i^Hm is finite- 

Moreover, the net ip^ can be chosen in (ii) so that A\ —>■ Ai (resp- A\'^ — *• 
A'^) strongly for i even (resp- for i odd) for some bounded block operator 
matrix Ai with entries in A'- (resp- {A'^)" ) such that 

^id^5-®id(^)(C) = An{e{^n-l,n) ® I) - - - (^(6,2) ® 1)^1, 



10 



for all C = Cl,2 ® ■ ■ ■ O ^n-l,n e r(/Ji, ...,Hn). 

A similar statement holds if n is odd. 

Finally, recall that an element a of a C*-algebra A is called compact if 
the operator x axa on A is compact. Let K,{A) be the collection of all 
compact elements of A. It is well known [71 [22] that a G 1C{A) if and only 
if there exists a faithful representation tt of ^ such that 7r(a) is a compact 
operator. Moreover, vr can be taken to be the reduced atomic representation 
of A. The notion of a compact element of a C*-algebra will play a central 
role in Sections [H] and [7| of the paper. 

3 Completely compact maps 

We start by recalling the notion of a completely compact map introduced 
in [21] and studied further in [27| and [I5]. By way of motivation, recall 
that if X and y are Banach spaces then a bounded linear map $ : — > 3^ 
is compact if and only if for every e > 0, there exists a finite dimensional 
subspace F ^zy such that dist($(a:;), F) < e for every x in the unit ball of X . 

Now let X and y be operator spaces. A completely bounded map $ : 
X ^ y is called completely compact if for each e > there exists a finite 
dimensional subspace F <zy such that 

dist($('")(x),M^(F)) <£, 

for every x G Mm{X) with ||x|| < 1 and every m G N. We extend this 
definition to multilinear maps: if y, Xi, . . . , Xn are operator spaces and $ : 
Xi X ■ ■ ■ X Xn y is a. completely bounded multilinear map, we call $ 
completely compact if for each s > there exists a finite dimensional subspace 
F cy such that 

dist{^^'^\xi, ... ,Xn),MUF)) < e, 

for all Xi G Mm{Xi), \\xi\\ < 1, i = l,...,n, and all m G N. We denote 
by CC{Xi X ■■■ X Xn,y) the space of all completely bounded completely 
compact multilinear maps from Xi x ■ ■ ■ x Xn into 3^. A straightforward 
verification shows the following: 

Remark 3.1. ^4 completely bounded map $ : XiX ■ ■ - x X.^ y is completely 
compact if and only if its linearisation ^ : Xi ■ ■ ■ Xn y is completely 
compact. 

In view of this remark, we frequently identify the spaces CC{Xi x ■ ■ ■ x 
Xn,y) and CC{Xi ®h ' ' ' ®h '^n,y)- The next result is essentially due to 
Saar (see Lemmas 1 and 2 of [21j). 
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Proposition 3.2. (i) The space CC{Xi x ■ ■ ■ x Xn, y) is closed in CB{Xi x 

(a) Let £, T and Q he operator spaces. If ^ & CC{S,J-') and \E' G 
CBiJ^,g) then^oc^e CC{S,g). //$ G CC{T,g) an(i^ G CB{£,T) then 
$0$ G CC{£,g). 

Let Hi, ... , Hn be Hilbert spaces. Recall the isometry 

from Theorem 12.11 Let us identify a completely bounded map defined on 
B{H2, Hi) X ■ ■ ■ X B{Hn, Hn-i) with the corresponding completely bounded 
map defined on 

= B{H2, Hi) ®h ■ • • ®h B{H,, i/„_i). 
For u G B{Hi) ■ ■ ■ ®ch B{Hn) we let 7o(u) be the restriction of 7(m) to 

= ]C{H2, Hi) ®h • ■ ■ ®h /c(//„, Hr^.i). 

Proposition 3.3. The map 70 is an isometry from B{Hi) ■ ■ ■ ®ch B{Hn) 
onto CB{lCi,,B{Hn,Hi)). 

Proof. Let $ G CB{ICi^, B{Hn, Hi)). Since $ is completely bounded, its 
second dual 

$** : S(i72, i^i) ®<xh ■ ■ ■ ®<xh i3(i/„, i/„_i) ^ i^i)** 

is completely bounded (here ®crh denotes the normal Haagerup tensor prod- 
uct [S]). Let Q : B{Hn, Hi)** B{Hn,Hi) be the canonical projection. The 
multilinear map 

$ : B{H2, Hi)x---x B{H„, i/„-i) ^ i/i) 

corresponding to Q o $** is completely bounded and, by (5.22) of [5J, weak* 
continuous in each variable. By Theorem 12. 1^ there exists an element u G 
B{Hi) (g)eh ■■■ (S>ch B{Hn) such that <l = j{u). Hence 7o(u) = l{u)\|c^^ = 
= Thus 7o is surjective. 
Fix u G B{Hi) (8)eh ■ • • ®eh B{Hn). From the definition of 70 we have 
||7o('w)||cb < Il7('")l|cb = ll^lleh- On the other hand, the restrictions of the 
maps Q o 7o(m)** and ■y{u) to /C^ coincide, and since both maps are weak* 
continuous, ■y{u) = Q o 7o(M)**|eh- Hence, 

||w||eh < HQ O 7o(M)**||cb < ||7o(M)**||cb = ||7o(^i)||cb- 

Thus, 7o is an isometry. □ 
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Theorem 3.4. Let Hi, . . . , Hn be Hilbert spaces. The image under 70 of 
the operator space S =^ /C(ifi) (8>h {S{H2) (8>ch ■ ■ ■ ®eh B{Hn-i)) ®h ^{Hn) is 

Proof. We first establish the inclusion '~fo{S) C JF. If $ = 70 (m) where u & £ 
then, by Proposition 13.31 $ is the limit in the cb norm of maps of the form 
7o(f), where 

v = aQBQbe /C(iJi) {B{H2) ®ch • • ■ ®eh B{Hn-i)) /C(/J„), 

a and 6 have finite rank and i? is a finite matrix with entries in B{H2) 0eh 
• • • 0eh B{Hn-i)- But each such map has finite rank and hence is completely 
compact. Moreover, every operator in the image of 70(f) has range contained 
in the range of a, which is finite dimensional. It follows that $ takes compact 
values; it is completely compact by Proposition 13. 2[ 

To see that C 70 let $ G JF. We will assume for technical simplicity 
that Hi, . . . , Hn are separable. Let {pk}k (resp. {qk}k) be a sequence of 
projections of finite rank on Hi (resp. Hn) such that pk ^ I (resp. qk I) 
in the strong operator topology. Let : /C(if„,iJi) /C(if„,ifi) be the 
complete contraction given by "^ki^) = Pk^Qk- 

Let £ > 0. Since $ is completely compact there exists a subspace F C 
K,{Hn, Hi) of dimension ^ < 00 such that dist($'^™'^(a;), Mm{F)) < e whenever 
X G Mm(/Ch) has norm at most one. Denote the restriction of \E'fc to F by \E'a;,f 
and let l be the inclusion map l : F -—^ }C{Hn, Hi). By [6, Corollary 2.2.4], 
||^fc,F — '-llcb < ^ll^fc.F ~ '•ll- Since F C /C(if„, Hi), we have that \E'fc^i?(x) x 
in norm for each x G -F. It follows easily that there exists ko such that 
||^A;,F — '-llcb < £ whenever k > kg. 

Let X G Mm(/Ch) be of norm at most one. Then there exists y G Mm{F) 
such that ||$("')(a:;) - y\\ < e. Note that 

\\y\\ < \\^^"'\x)-y\\ + \\^^'^\x)\\ <£ + ||$||cb. 

Let $fc = ^fc o If A; > k^ then 

||($M _ < _ + ii^M(^) - ^11 + ||y - $M(x)|| 

= ||vI/('")($M(x) - + II (vl/,,^ - i)^'"^\y)\\ + \\y- <l>(")(x 
< 2e + e(e+ ||$||cb). 

This shows that ||$fc — $||cb 0. 

By Proposition 13. 2[ it only remains to prove that each $jt lies in '^q{£). 
By Proposition 13.31 there exists an element 

u = AiQ A2Q---Q An-i A„ G B{Hi) 0ch • • ■ 0ch B{Hn) 
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where Ai : ^ Hi, Ai : H°° ^ Hf°, z = 2, . . . , n - 1 and A„ : ^ //^ 
are bounded operators, such that $ = 7o(m)- Observe that $fc = 7o(Mfc) 
where Uk = (pkAi) & A2 & ■ ■ ■ & An-\ (A„gfc). It therefore suffices to 
show that Uk & £ for each k. Fix k and let p = Pk, Q = The operator 
pAi : — » Hi has finite dimensional range and is hence compact. For 
i = 1, . . . , n, let Qi^r '■ H°° H°° be a projection with block matrix whose 
first r diagonal entries are equal to the identity operator while the rest are 
zero. Then by compactness, {pAi)Qi^r ~^ pAi and Qn,r{Anq) — > A„g in norm 
as r ^ 00. Let B = ^20- ■ ■0A„_i, Cr = {pAi)Qi^r& B QQ^A^nq), r G N, 
and C = (pAi) QB Q (/l„g). Then 

\\Cr - C||eh < \\Cr " (pAi)Qi,, 0^0 (y4„g)||eh 

+ II {pAi)Qi,r @BQ - Clleh 

< ||(pAi)gi,^|| ||5|| WQnA^nq) - Anq\\ 

+ \\{pAi)Qi,r - pAiW \\B\\ \\Anq\\. 

It follows that ||Cr — C||eh as r — > cxD. Our claim will follow if we show 
that Cr E S. To this end, it suffices to show that if Ai = [ai, . . . , a^, 0, . . . ] 
and An = [61, . . . , 6,., 0, . . . ]*, where Oj, bi are operators of finite rank, then 
Ai&BQAneS. Let Ai and A„ be as stated and let B' = ((52,r^2) ^3 
■ ■ ■ A„_2 iA„.-iQn,r)- Then Ai Q B Q A^ = Ai & B' Q A^+i belongs to 
the algebraic tensor product lC{Hi) {B{H2) 0ch • • ■ 0eh ^{Hn-i)) & ^{Hn) 
and hence to £ = IC{Hi) 0h {13{H2) 0ch • • ■ 0eh B{Hn-i)) 0h ^Hn). □ 

Remarks 3.5. (i) It follows from Theorem [331 that if $ : /Ch ^ IC{Hn,Hi) 
is a mapping of finite rank whose image consists of finite rank operators 
then there exist finite rank projections p and q on Hi and H^, respectively, 

and u e {p)C{Hi)) 0^ (^(^2) 0eh ■ ■ ■ 0eh B{Hn-l)) 0h {^{Hn)q) SUch that 

$ = 7o(m). 

(ii) The identity £1 0jj (£^2 0eh^^3) = (£1 0h'^2) 0eh^3 does not hold in general; 
for an example, take £1 = £3 = B{H) and £2 = C. 

(iii) For every $ G CC(/Ch, /C(iJ„, i/i)) there exist G IC{H^\Hi), Ai G 

i = 2, . . . , n - 1 and A„ G /C(i/„, ^r;^"-^ such that 

• ■ ■ Xn-l) = Ai{xi 1)A2 . . . (X„_i 

whenever Xj G }C{Hi^i, Hi), i = 1, . . . ,n — 1. Indeed, by Proposition 13.41 
$(xi0- ■ ■0x„_i) = Ai(xi0l)A2 . . . (x„_i0l)A„ for some ^10^20- ■ ■0A„ G 
/C(ifi) 0h iB{H2) 0eh ■ ■ ■ 0ch 'B(i^„_i)) 0h JC{Hn). Using an idea of Blecher 
and Smith [2, Theorem 3.1], we can choose Ai = [tj]jeJi G Mj^ ^i(/C(ifi)) C 
B{H(\Hi) and A„ = G Mi,j„_,(/C(if„,)) ^ BiH^, H^"-^) such that 
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tf = otherwise. Therefore Ai G 1C{H(\H). 
Similarly, A„ G lC{Hn,H-y^). 

In the case n = 2, Theorem 13.41 reduces to the following result which 
was established by Saar (Satz 6 of [21]) using the fact that every completely 
compact completely bounded map on )C{Hi,H2) is a linear combination of 
completely compact completely positive maps. 

Corollary 3.6. A completely bounded map $ : }C{Hi,H2) IC{Hi,H2) 
is completely compact if and only if there exist an index set I and families 
^ ^{Hi) and {6j}je/ C /C(if2) such that the series "^i^jbib* and 
J2iei ^i'^i converge uniformly and 



We note in passing that Theorem 13.41 together with a result of Effros and 
Kishimoto |4j yields the following completely isometric identification: 



Corollary 3.7. CC{IC{H2, H,))** ^ {}C{H,) ^^^2))** - CB{B{H2, H^)) . 



Saar [21] constructed an example of a compact map $ : }C{H) IC{H) 
which is not completely compact (see Section [7] where we give a detailed 
account of this construction). We note that a compact completely positive 
map $ : K,{H) K^iH) is automatically completely compact. Indeed, the 
Stinespring Theorem implies that there exist an index set J and a row oper- 
ator A = [aj]jgj G B{H'\H) such that $(x) = XIigj 

e}C{H). The 

second dual $** : B{H) B{H) of $ is a compact map given by the same 
formula. A standard Banach space argument shows that $ takes values in 
IC{H), and hence $**(/) G 1C{H). This means that AA* G IC{H) and so 
A G }C{H°°, H) which easily implies that $ is completely compact. 

The previous paragraph shows that there exists a compact completely 
bounded map on )C{H) which cannot be written as a linear combination of 
compact completely positive maps. 

We finish this section with a modular version of Theorem 13. 4[ Given von 
Neumann algebras Ai C B{Hi), i = 1, . . . , n, we let C(74'^_...^^j^(/Ch) ^{Hn, Hi)) 
denote the space of A'l, . . . , ^^-modular completely compact maps from /C^ 
into }C{Hn, Hi). 

Corollary 3.8. Let Ai C B{Hi), i = l,...,n, be von Neumann algebras. 
Set IC'{Ai) = IC{Hi) n Ai, for i = 1 and i = n. Then 



70 (/C' (A) ®h {-^2 ®eh ■ ■ ■ ®eh An-l) ®h /C'(A)) = CC^i,...,^^(/Ch, JC^H^, Hi)). 
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Proof. By Theorems 12.11 and 13.4^ the image of IC'{Ai) {A2 ®ch ■ ■ ■ ®eh 
An~i) ^h^'i-^n) under 70 is contained in CC^'^^...^^/^(/Ch) ^{Hn, Hi)). For the 
converse, fix an element $ G CC^'^^. ^^/J/Ch, A^(-ffi, -ffn))- By Theorem 13.41 
there exists a unique u G /C(i7i) (8)h {B{H2) ®ch ■ ■ ■ ®eh 13{Hn-i)) ®h ^{Hn) 
such that 7o(m) = By Theorem 12.11 m G ^1 (S>ch ■ ■ ■ ®eh -An- Lemma 12.21 
now shows that u G IC'{Ai) ®h {-^2 ®ch " • • ®eh -^n-i) ®h ^'(-^n)- n 

4 Complete boundedness of multipliers 

Our aim in this section is to clarify the relationship between universal op- 
erator multipliers and completely bounded maps, extending results of [T^ . 
We begin with an observation which will allow us to deal with the cases of 
even and odd numbers of variables in the same manner. We use the notation 
established in Section O 

Proposition 4.1. Let Ai, . . . ,An be C*-algebras and (p G M{Ai, . . . ,An). 
Let Hi be a representation of Ai on a Hilbert space Hi, i = l,...,n, and 
TT = TTi (g) ■ ■ ■ (g) TT^ . The map S'7r(<^) takes values in IC{Hi, Hn) if n is odd, and 
in }C{Hf,Hn) if n is even. 

Proof. For even n, this is immediate as observed in [12J. Let n be odd. 
Assume without loss of generality that Ai C B{Hi) and tTj is the identity 
representation. We call an element ( G T{Hi, . . . , thoroughly elementary 
if 

C = Vl,2 ® 6,3 ® • • ■ ® ^n-l,n 

where all ?7jj_|_i = f]f'^Vj+i O-iJ ~ elementary tensors. The 

linear span of the thoroughly elementary tensors is dense in the completion of 
T{Hi, . . . , Hn) in II ■ ||2,A- Moreover, the linear span of the elementary tensors 
(p = ipi ® ■ ■ ■ ® iPn is dense in B{Hi) (S) ■ ■ ■ ® B{Hn). By ([7|) and since S^{() 
is linear in both ip and (, it suffices to show that >S'<^(C) is compact when ip 
is an elementary tensor and C is a thoroughly elementary tensor. However, 
in this case Sy^{() has rank at most 1, since for every ^1 G Hi, 

n-l 

S^iO^l = VnO{in~l,n) ■ .. </?2^(r/f 2)^1-^1 = (yW{^jij^Vj))^nin- □ 

i=i 

We now establish some notation. Let Ai,...,An be C*-algebras and 
(f & Ai®- ■ -(^An- Assume that n is even and let tti, . . . , 7r„ be representations 
of Ai, . . . , An on Hi, ... , Hn, respectively. Set vr = tti (8> ■ ■ ■ ® vr„. Using the 
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natural identifications, we consider the map S-„(^^) : T{Hi, . . . , Hn) — ^ Hi®Hn 
as a map (denoted in the same way) 

We let 

<l>^(^) : C2(i/li, i/„) © ■ ■ ■ C2(i/f , ^ C2(i/f , Hn) 

be the map given on elementary tensors by 

$^(^)(T„_i ® . . . ® Ti) = 5^(^)(Ti ® ■ ■ ■ ® T„_i). 

Note that if G M(^i, . . . ,A„) then $7r(<^) is bounded when the domain is 
equipped with the Haagerup norm and the range with the operator norm. In 
this case, ^■K(ip) has a unique extension (which will be denoted in the same 
way) 

$^(^) : (/C(/7li, H^) ®h ■ ■ ■ ®h ^Hf. H2), II • llh) ^ {JC{Hf, H^), \\ ■ . 

If n is odd then the map ^■K(ip) is defined in a similar way. The map ^■K{ip) 
will be used extensively hereafter. 

The main result of this section is Theorem 14.31 where we show the relation 
between the complete boundedness of the mappings $7r(ip) and the property 
of (y9 of being a multiplier. We will need the following lemma. 

Lemma 4.2. Let Ai C B{Hi) he a C*-algebra, i = l,...,n, E Ai ® 
• • • ® An and ip = {iS''^ • ■ ■ (S> iS^^){ip). Suppose that n is even. If Ti G 
Mk{C2iHf, Hi+i)) for even i and Ti e Mk{C2{Hi, Hf^^)) for odd i then 

$(f)(T„_i . . . Ti) = ^^^(r^.i • ■ ■ Ti), 

where we identify Mk{C2{Hf, Hi^i)) with C2{{HfY^\ Hi'l\) for even i, and 
Mk{C2{Hi, Hf_^^)) with C2{H[^\{Hf^^Y^y) for odd i. A similar statement 
holds for odd n. 

Proof. To simplify notation, we give the proof for n = 2; the general proof 
is similar. If = ai 02 is an elementary tensor then ^^{T) = 02^0^ and 
it is easily checked that the statement holds. By linearity, it holds for each 
(p G .4.10.42. Assume that (p G ^10.4.2 is arbitrary. Let {(fm} ^ .4i0^2 be 
a sequence converging in the operator norm to ip and ipm = (id^'^''0id^^-')(v9m)- 
By (CD, $v„ (T) $^(T) in the operator norm, for all T G C2{Hf, H2). This 
implies that if 5 G Mk{C2{Hf,H2)), then $£(5) ^ ^^^\S) in the operator 
norm of Mk{C2{Hf , H2)). Since ipm — »■ in the operator norm, we conclude 
that ^i,^{S) ^^{S) in the operator norm of C2{{H'^)^^\hI^'^). It follows 
that $^(5) = ^^i\S). □ 
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Theorem 4.3. Let Ai, . . . , An be C*-algehras and E Ai® ■ ■ ■ ® An- The 
following are equivalent: 
(i) if e M{Au...,An); 

(a) if TTi is a representation of Ai, i = 1, . . . ,n, and vr = tti ® ■ ■ ■ ® vr„ 
then the map ^n{ip) is completely bounded; 

(Hi) there exist faithful representations TCi of Ai, i = 1, . . . ,n, such that if 
TT = TTi ■ ■ ■ ® 7r„ then the map ^niip) is completely bounded. 

Moreover, if the above conditions hold and tt is as in (Hi) then Hv^Hm = 

||'^'7r(<^) llcb- 

Proof. For technical simphcity we take n = 3. 

(i) ^(ii) Let ip G M{Ai, A2, A3) and tt i : Ai B{Hi) be a representa- 
tion, i = 1,2,3. Then 77(^9) G M(7ri(^i), 77(^2), 7r3(^3)); thus, it suffices to 
assume that Ai C B{Hi) are concrete C*-algebras and that tt, is the identity 
representation, i = 1,2, 3. 

Fix A; e N and let ^ = {id^''^ 0iS''^){ip). Since cp E M( A, ^2,^43), 

the map 

: }CiHf\ i/f ) ^(i/f \ Hf^) ^ ^(ijf \ iff) 

is bounded with norm not exceeding Hv^Hm- By Lemma IT2l ||$^'^''|| < ||v^||m- 
Since this inequality holds for every A; G N, the map is completely 
bounded. 

(ii) ^(iii) is trivial. 

(iii) ^(i) We may assume that Ai C B{Hi) and that tTj is the identity 
representation, i = 1,2,3. Let A be a cardinal number, pi = id^^^ be the 
ampliation of the identity representation of multiplicity X, ip = (pi ® P2 ® 
p3)ip), and Hi = H^,i = 1, 2, 3. Fix £ > and C e r(^i, H2, H3). Let 

f = f2Qfie C2{Hi, H3) C2{Hi, Hi) 

be the element canonically corresponding to Then there exist k E N and 
canonical projections Pi from Hi onto the direct sum of k copies of Hi such 
that if To = iP3f2{Pi /)) {{Pi /)fiPi) and if Co is the element of 
T{h[''\ H2^\ H^''^) corresponding to Tq then \\( — Co||2,a < ^■ 

Set = {id^^^ ® id^''^ id('=))(<^). Ar guing as in Lemma [4.21 we see that 
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||'^>^o(^o)||op = ||'^'v(^o)||op- Using (jlD and Lemma O we obtain 

||54C)l|op < II^^C - Co)||op + ||54Co)||op < II^^C - Co)||op + ||$^(To)||op 

< II^IIIIC - Co||2,A + ||$^o(To)||op < SM + \\^l'\To)\\o, 

< 6\\(^\\ + ||<i>^||cb||ro||h 

< ^IIV^II + ||<l>^||eb||P3T2(P2^ ® /)l|op||(P2^ ® Wallop 

< £\\(p\\ + ||$,^||cb||72||op||Ti||op. 

It follows that ||v5|lid(^),id(^),id(^) < ll'^'/'llcb- 

Now let pi,p2,p3 be arbitrary representations of ^1,^2,-^3, respectively. 
Then there exists a cardinal number A such that each of the representations 
Pi is approximately subordinate to the representation id^'^-' (see [26] for the 
definition of approximate subordination and [10. Theorem 5.1]). By Theo- 
rem 5.1 of [12], ||v'||pi,p2,P3 ^ llv^llidt^' id(^' id(^)! previous paragraph 
implies that ||v^||pi,p2,P3 ^ ||'^'(p||cb- It follows that ip G M(^i,^2,-^3) and 
llv^llm < i|^'(^||cb- As the reversed inequality was already established, we 
conclude that Hv^Hm = ||'I*(/3||cb- CH 



5 The symbol of a universal multiplier 

Our aim in this section is to generalise the natural correspondence between 
a function ip E ®eh and the Schur multiplier on B{£'^(N)) given 
by S^{{aij)) = {(p{i, j)aij). To each universal operator multiplier we will 
associate an element of an extended Haagerup tensor product which we call 
its symbol. This will be used in the subsequent sections to identify certain 
classes of operator multipliers. 

Recall that if ^ is a C*-algebra, its opposite C*-algebra A° is defined to 
be the C*-algebra whose underlying set, norm, involution and linear structure 
coincide with those of A and whose multiplication ■ is given by a ■ b = ba. If 
a G ^ we denote by a° the element of A° corresponding to a. Ifn-.A^ ^{H) 
is a representation of A then the map vr*^ : a° — >■ 7r(a)'^ from A" into B{H'^) 
is a representation of A°. Clearly, vr is faithful if and only if vr'^ is faithful. 
If Tii : Ai ^ B{Hi) are faithful representations, i = 1, . . . ,n (n even), then 
by [HI Lemma 5.4] there exists a complete isometry 7r„ (^ch tt^-i <S>ch ■ ■ ■ ®ch 
from An ®eh A°_i A1 into B{Hn) ®eh l3{Ht,) ®eh ■ • • ®ch B{Hf) 

which sends a„ ® a-n-i ® ■ ■ ■ ® o-i to 7rn(a„) ® vr„_i(a„_i)'^ ® • • ■ ® 7ri(ai)'^. 

Henceforth, we will consistently write vr = tti (g) ■ ■ ■ (g) 7r„ and 



7r„ ®ch -n^n-i ®ch ■ ■ ■ ®ch TTf if n is even. 

Tin ®ch TT^-l ®ch • ■ ■ ®ch VTi if U is odd. 
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Let n E N, Ai, . . . , An be C*-algebras, tTj be a representation of ^j, i 
1, . . . ,n, and ip G M{Ai, . . . , An)- Assume that n is even. By Theorem 
the map 

$^(^) : }C{Hti, Hn) ®h ■ ■ ■ ®h UHf. H2) ^ lC{Hf, Hn) 

is completely bounded. By Proposition 13. 3^ there exists a unique element 

such that 70 (wp = $^(^). For 
example, if each Ai is a concrete C*-algebra and G ^j, i = 1, . . . , n, then 

If n is odd then we define similarly. 

The main result of this section is the following. 

Theorem 5.1. Let Ai,...,An be C*-algebras and (p G M(Ai, . . . , An) ■ 
There exists a unique element 



G 



An ®ch ^^1-1 ®ch ■ ■ ■ ®ch A2 ®eh Al if n is even, 

An ®ch -Ki-l ®eh ■ • ■ ®ch A2 ®eh Ai if U is odd 



with the property that if TCi is a representation of Ai for i = 1, . . . ,n then 

< = vr'K). ( 
The map (p ^ is linear and if ai G Ai, i = 1, . . . ,n then 



an ® cin-i ® ■ ■ ■ ® CLi if 71 is even, 
an ® ® ■ ■ ■ ® ai if n is odd. 



Moreover, \\(p\\ni = \\u^\\ch- 

Definition 5.2. The element u^p defined in Theorem I5.il will be called the 
symbol of the universal multiplier ip. 

In order to prove the theorem we have to establish a number of auxiliary 
results. 

If a; G B{H)* we let Co G B{H'^)* be the functional given by Cj{a'^) = u{a). 
Note that if u = uo^^ri is the vector functional a ^ (a^, 77) then Co = C(j,,d^^d. 

Lemma 5.3. Let Ai C B{Hi) be a C*-algebra, C,i,f]i G Hi and uoi = oo^-^ria 
i = 1, . . . ,n. Suppose that ip G M{Ai, . . . , An) ■ Then 



{ip{ii ®-- - <S)^n),Vi ® ■ ■ • ® ?7n 




(m^, tOn ® iOn-1 ® ■ ■ • ® toi) u evcn, 
eg) ■ ■ • C?) ) n odd. 



(9) 
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Proof. We only consider the case n is even since the proof for odd n is 
similar. Suppose that (p is an elementary tensor, say 9? = ai ■ ■ ■ ® a„. Then 
= a„ ® a'^_i ® ■ ■ ■ (S> and thus 

n 
i=l 

By linearity, ([9]) holds for each G ^1 ■ ■ ■ An- 

Now let (/? be an arbitrary element of M{Ai, . . . , An)- By Theorem 12.31 
there exists a net {^v} ^ AiQ- ■ -QAn and representations u"^ = AnQ- ■ -QAi 
and = AJ^ ■ ■ ■ A^' , where are finite matrices with entries in Ai if i is 
even and in Af if i is odd, such that ip^ ^ ip semi-weakly, — > strongly 
and all norms \\Ai\\, \\A\\\ are bounded by a constant depending only on n. 
As in ([2]), we have 

(m'^,u;„ 0cj„_i • ■ ■ 0cDi) = (A„,u;„)(A„_i,u;„_i) . . . {Ai,Coi)- (10) 

Moreover, all norms || (A^, 0;^) || (for even i) and || (AJ', d;,) || (for odd i) are 
bounded by a constant depending only on n, and the strong convergence of 
A\ to Ai implies that {A^^.Ui) converges strongly to {Ai.uji). Indeed, it is 
easy to check that if ^, r/ G /f, A G Mi{B{H)) = B{H 12{I)) and C G 4(/) 
for some index set / then 

II (A, a;^,,)Cir = (A(e 0, (A, a75,,)C) . 

This implies that || (Aj — A^, tUj)?]! < C\\{Ai — A^){S,i®ni)\\ for some constant 
C > 0, and the strong convergence follows. 

Since operator multiplication is jointly strongly continuous on bounded 
sets, it now follows from ffTUl) that 

{u'^^,UJn • ■ ■ (u'^, Un OJn-1 " " " CJi). 

On the other hand, since ip^, ip semi-weakly, 

{^A^l ■ ■ ■ ^n), ^1 • • ■ ^n) ^ {^{^1 ■ ■ ■ ^n), ■ ■ ■ ^?n)- 

The proof is complete. □ 

Lemma 5.4. Let Hi be a Hilbert space and Si C B{Hi) he an operator space, 
i = l,...,n. Suppose that X and y are closed suhspaces of Si and Sn, 
respectively and let -u, t> G 0^ ■ ■ ■ 0h ^n- If 

Ru,{u) G X and L^'iy) G y 

whenever uj = uj2 ® ■ • ■ ® oJn and u' = cu^ ■ ■ ■ cu^.i where every Ui, 
uj'i G B{Hi)^ is a vector functional, then 

M G A" 0ch S2 0ch ■ ■ ■ 0ch Sn and W G £^1 0eh ■ ■ ■ 0eh Sn-l 0eh 3^- 
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Proof. Let jFj be the span of the vector functionals on B{Hi). By hnearity, 
Ru;{u) G X for each u; G ■ ■ ■ © JF„. Now suppose that 

There exists a sequence (tUm) ^ ^2 © ■ ■ ■ © -^n such that — in norm. 
Hence 

\\Ruj{u) - Ru,„X'^)\\b{Hi) < \\UJ - UJmW \\u\\ch 0, 

whence Ruiiu) = hmmi?^^(M) G X. Spronk's formula ([5]) now imphes that 
u G A'®ehi^2©eh- " -©eh^^n- The assertiou concerning v has a similar proof. □ 

We will use slice maps defined on the minimal tensor product of several 
C*-algebras as follows. Assume that Ai C B{Hi) and Ui G B{Hi)*, i = 
1, . . . ,n, and let ip G ^i©- • -©^n- If 1 < «i < ■ ■ • < ifc < n and {ii, . . . , in-k} 
is the complement of {ii, . . . , Zfc} in {1, . . . , n}, let 

Ao;,^,...,.,,^ : ^1 © ■ ■ ■ © A ^ © ■ ■ • © Ae„_, 

be the unique norm continuous linear mapping given on elementary tensors 
by 

^uji^ (ai (g) ■ ■ ■ (g) a„) =LJi^ (ttii ) . . . (tti J (g) • • ■ (g) ae„_i^ . 

Proposition 5.5. Let Ai C B{Hi), i = l,...,n, be C*-algehras and let 
V? G M{Ai, . . .,An)- Then 

id j A ©ch -4^-1 ©eh ■ ■ ■ ©ch ifn is even, 
[An ©ch A-1 ©oh ■ ■ ■ ©ch Ai if n is odd. 

Proof. We only consider the case n = 3. Let u = u]^; by definition, u G 
BiH^) ©eh i3(if2^) ®ch BiHi). Let ^i, r/^ G i^i and u;^ = a;^,,^,, ^ = 1, 2, 3. Then 
by (jlD and Lemma [5. 3[ 

(-Rtia^o^i ^73) = (-R<I.2®c^i(M),t^3) = (M,t^3 (g a;2 © t^l) 

Thus 

-Rw2lS)Wl(^) = A^-^_(^2((/9) G A- 

Lemma [531 now implies that u E A3 ©eh '^(-^2) ©eh B{Hi). 

Let w = R^^^iu). By the previous paragraph, w G .4.3 ©eh ^{H2). By (jl]) 
and Lemma [5.31 

(L<^3(w;)r7^,^^) = (L^3(w),tl'2) = {R^^{u),uj3 (g) UJ2) 

= (m,W3©'^2©C^i) = (A^i,c^3(<^)6,^2) = (A..i,a.3(V^)\2>^2)- 
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Hence L^^{w) = A^-^^^^{(f)'^ G A2 and, by Lemma ElU w E 0ch 
Applying this lemma again shows that u E A3 (S>eh -^2 ®eh ^{Hi). Continuing 
in this fashion we see that u E A3 (S>eh -^2 ®ch Ai. □ 

Lemma 5.6. Let Ai, . . . ,An be C*-algehras and let 

he representations, i = 1, . . . ,n. Suppose that 

(i) for any cardinal number n, the representations 9\^'' : pi{Ai) —* B{H^) 
are strongly continuous, and 

(a) whenever if G M{Ai, . . . ,An) and {(fiu} is a net in AiQ- ■ - GAn such 
that p{(pu) — ^ p{^) semi-weakly and sup^ W^PuWm < 00 then $eop(<^,) — ^ ^eopi^p) 
pointwise weakly. 

Then u^^p = 9'{uP^), for each tp E M{Ai, ...,An). 

Proof, li ip = ai ® ■■■ ® ttn is an elementary tensor, then u^, = p'{an ® CLn-i ® 
• • • ® a°), so 

C = (0 ° PYian ® aU ® ■ ■ ■ ® <) = 

By hnearity, the claim also holds for 93 e ^1 ■ ■ ■ An- 

If 93 e M{Ai, . . . , An) is arbitrary then p{{p) E M{p{Ai), . . . , p{An)) and 
by Theorem 12.31 and Proposition 15.51 there exist a net {(pu} 'i^ Ai & ■ ■ ■ &An 
such that p{'Pu) — > p{p) semi-weakly, a representation u^, = An & ■ ■ ■ & Ai, 
where Ai E M«(p,(A)) ^ B{K^) if i is even and Ai E M^{pf{A°)) C B{K^)'^ 
if i is odd (k being a suitable index set), whose operator matrix entries 
belong to Pi{Ai) if i is even and to pf^A") if i is odd, and representations 
u^,^ = A'l^ Q ■ ■ ■ Q A^ where the A'^ are finite matrices with operator entries 
in pi{Ai) if i is even and pfiA") if i is odd such that A'^ — » Ai strongly and 
all norms \\Ai\\ are bounded. 

Now 6'{uP,) = A„ ■ ■ ■ ii and 0'{uP,J = ■ ■ ■ i^' where Ai and 

A^ are the images of A^ and A'^ under 6^'^^ or (^f )*■"■' according to whether i 
is even or odd. By assumption (i), 

7o(^'«J)(T„_i . . . Ti) ^ 7o(^'K))(T„-i ■ ■ ■ Ti) (11) 

weakly for all T„_i E C2{H^_i, Hn),. . . ,Ti E C2{Hf, H2). On the other hand, 
assumption (ii) and the first paragraph of the proof show that 

7o(^'«)) = loK:) = <^eo,M - $.o,(^) = 7o(0 

pointwise weakly. Using (iTTl) we conclude that 7o(m^°'') = 7o(^^'(n^)); since 
7o is injective we have that u^°p = 0'{uP). □ 



23 



Proof of Theorem \5.1l We will only consider the case n is even. Let pi : Ai ^ 
B{Ki) be the universal representation of Ai, i = 1, . . . ,n. Set p = pi®- ■ -^Pn 
and p' = Pn® Pn-i ® ■ ■ ■ ® Pi- By Proposition 15. 5[ u'^^ lies in the image of p'; 
we define = {p')^^{u^). 

Let K be a nonzero cardinal number and let a,- = pi'^\ If 6',- = id^'^] . . = 

' I Pi{Ai) 

o'i o p~^ then it follows from the proof of Proposition 6.2 of JT2\ that the 
hypotheses of Lemma 15.61 are satisfied, so 

«^ = u';^ = ^'(o = {6' o p')K) = o-'K). 

Now let TTj be an arbitrary representation of At. It is well known (see 
e.g. [25]) that vTj is unitarily equivalent to a subrepresentation of CTj = p^'^'^ 
for some k. Hence there exist unitary operators Vi, i = l,...,n (acting 
between appropriate Hilbert spaces) and subspaces Hi of K^, such that if 
Ti{x) = ViXV*\H, then TCi = Ti o a^. Examining the proof of Proposition 6.2 
of [12] , we see that r satisfies the hypotheses of Lemma 15.61 so 

K = «r = ^'K) = ° ^)'(^^) = ^'K)- 

The uniqueness of u^p follows from the injectivity of 70. The linearity of the 
map ip ^ and its values on elementary tensors are straightforward. The 
fact that llv^llm = ||w^||oh follows from Proposition 13.31 and Theorem 14. 3[ □ 

Remarks, (i) Let Ai C B{Hi), i = 1, ...,?t, be concrete C*-algebras of 
operators. Taking tt^ to be the identity representation for i = 1, . . . ,n and 
writing id = tti Cg) ■ ■ • (g) tt^ gives = if we identify A" with Af. 

(ii) Theorem 15 . 1 [ implies that if Ai,i = 1, . . . ,n, are concrete C*-algebras then 
the entries of the block operator matrices Ai appearing in the representation 
of (p in Theorem 12.31 can be chosen from Ai, i = 1, . . . ,n. 



6 Completely compact multipliers 

In this section we introduce the class of completely compact multipliers and 
characterise them within the class of all universal multipliers using the notion 
of the symbol introduced in Section O We will need the following lemma. 

Lemma 6.1. Let Ai C B{Hi) he a C*-algebra, i = 1, . . . ,n, a G Ai, b G An 
and ip G M{Ai , . . . , An) ■ Let ip E Ai® ■ ■ ■ ® An be given by 




eg / (g 6)^9 if n is even, 

® I ® /)(/?(/ ® ■ ■ ■ ® / ® 6) ifnis odd. 
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Then ip G M{Ai, . . . , An) and 



if n is even, 
if n is odd. 



(12) 



Proof. For technical simplicity, we will only consider the case n = 2. Let 
Oj G Ai, i = 1,2, and ip = ai ® 02. In this case ip = (aai) (602) so 



By linearity, ffT^ holds whenever (p E Ai (D A2. 

Assume that G M{Ai, A2) is arbitrary. Fix an operator T G C2{Hf, H2). 
By Theorem 12.31 there exists a net {fu} 'i^ AiQ A2 such that ip^ ^ ip semi- 
weakly, sup^ ||v9j,||m < 00 and $(^,(T) ^ $<^(T) weakly. 

Let V'l^ = (fl ® ^)v^!^; then ipy ^ ip semi- weakly. Clearly, ip,j E AiQ A2] in 
particular ipy G M(^i,^2)- By the previous paragraph, $^^,(-) = 6$^^(-)a'^ 
and hence $^,(T) ^ 6$^(r)ad weakly. If = B!^ then = {aB'() 
((6 It follows from Theorem O that ip G M(^i,^2) and that 

$V,.(T) ^ <I>^(T) weakly. Thus $^(T) = 6<l>^(T)ad. □ 

Given faithful representations tti, . . . , 7r„ of the C*-algebras Ai, . . . , An, 
respectively, we define 

M'^{Ai, . . . , An) = {v? G M{Ai, . . . , An) : $7r(<^) is completely compact} 

MJj{Ai, ...,An) = {'pe M{Ai, ...,An): the range of $^(^) 

is a finite dimensional space of finite-rank operators}. 

Theorem 6.2. Let Ai C B{Hi) he a C*-algebra, i = l,...,n, and (p G 
M{Ai, . . . , An). The following are equivalent: 



{)C{Hn) n An) 0h (^^-1 ®eh ■ ■ ■ ®eh A2) 0h i^Hf) f] Af) 71 even, 



{K,{Hn) n An) 0h {-^n-l ®ch " " " ®eh 0h (/C(iJi) n A) n odd; 



<I>^(T) = ba2T{aai)'^ = ba2Tafa'^ = b^^{T)a'^. 



(i) ^EMt{A^,...,An); 

(n) 




(Hi) there exists a net {^Pa} ^ (-^i? • • • lAn) such that \\ipa — ^ 



m 



0. 



Proof. We will only consider the case n is even. 



(i)^(ii) Theorem 13.41 implies that 

t^:^ G K,{Hn) 0h ®eh ■ ■ ■ ®eh i3(iJ2)) ®h ^(^f ) 
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while, by Proposition 15.51 

The conclusion now follows from Lemma 12.21 

(ii)^(i) By Theorem 13.41 $^ = 7o(m^^) is completely compact. 

(ii) =^(iii) Let p G B{Hi) (resp. q G B{Hn)) be the projection onto the span 
of all ranges of operators in ]C{Hi) fl Ai (resp. /C(if„) fl An), and let {pa} C 
/C(ifi) n ^1 (resp. {go} C /C(iJ„) fl be a net of finite rank projections 
which tends strongly top (resp. q). It is easy to see that $^(T„_i(8)- ■ ■(S>Ti) = 
q^^iTn-i ® • • ■ ® Ti)pd, for all T^ G /C(iff , H2),..., T„_i G /C(//li, Let 

= (Pa / (S) ■ ■ ■ ® / (S) ga)v5. By Lemma 16.11 G M{Ai, . . . , and 
^vcl') = 1a^'p{')P'ii hence ^ Mj^{Ai, . . . , An)- We have already seen 
that is completely compact, and it follows from the proof of Theorem 13.41 
that $<^^ in the cb norm. By Theorem 14.31 \\(p — ipa\\m 0. 

(iii) ^(i) is immediate from Proposition 13.21 and Theorem 14 . 3 1 and the fact 
that finite rank maps are completely compact. □ 

Now consider the sets 

M,,iAi, ...,A„) = [j M;,(A, ...,An) 

TT 

Mff{Al,...,An) = \jMJj{Au...,An) 

TT 

where the unions are taken over all vr = vti (g> ■ ■ • (87r„, each vTj being a faithful 
representation of Ai. We refer to the first of these as the set of completely 
compact multipliers. 

Lemma 6.3. // pi is the reduced atomic representation of Ai, i = 1, . . . ,n, 
and p = pi® ■ ■ ■ ® Pn then M}f{Ai, . . . ,An) = M^(^i, . . . ,An). 

Proof. Again, we give the proof for the even case only. We must show that 
M^(^i, . . . , An) C Mjj:{Ai, ■ ■ ■ , An) whenever vr = tti ■ ■ ■ Cg> 7r„ where each 
TTj is a faithful representation of Ai. Without loss of generality, we may 
assume that each vTj is the identity representation of Ai C B{Hi). Let ip G 
M^(^i, . . . , An) so that the range of is finite dimensional and consists of 
finite rank operators. By Remark 13.51 (i) there exist finite rank projections p 
and q on Hf and respectively, such that lies in the intersection of 

{q}C{Hn)) ®h (^(^n-l) ®ch ■ ■ ■ ®eh -^(i/s)) ®h (^(^1 )p) 

and An ®ch ■ ■ ■ ®ch -^1- By Lemma [2121 u]^ lies in 

{qlC{Hn) n An) ®h (^(^n-l) ®eh " " " ®eh B{H2)) ®h (^(^f )P H Af) . 
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Hence there exists a representation u^^ = Q ■ ■ ■ Q Ai of u^^ such that 
An = qAn and Ai = Aip. Suppose that An = [61, 62, • • • ], where bj G An for 
each j, and let qj be the orthogonal projection onto the range of bj. Setting 
Qm = Vj=i 1j W6 see that {Qm} is an increasing sequence of projections 
in An dominated by q. It follows that Vm=i Qm ^ An- We may thus assume 
that q G An- Similarly, we may assume that p & Af- Now 

P'{U^) = {pn{q)Pn{An)) " " " {pi{A^) Pl{p)) - 

By [29], Pn{q) and pi(p) have finite rank. By Lemma [6?T| 9? G M^(^i, . . . , .4n). 

□ 

We are now ready to prove the main result of this section. 

Theorem 6.4. Let Ai, . . . ,An be C*-algebras and (p G M{Ai, . . . , An)- The 
following are equivalent: 

(i) ip e M^,{Au---,An); 
.... J /C(^„) 0h (-^5^-1 0eh ■ ■ ■ 0ch ^2) 0h ^(-^1) if n is even, 
III) u<o G < 

\K,{An) 0h (^^-1 0eh ■ ■ ■ 0ch ^2) ®h ^{Ai) if n IS odd; 
(Hi) there exists a net {v?a} ^ Mjj(^i, . . . such that \\(pa — ^\\ai 0. 

Proof. We will only consider the case n is even. 

(i) =^(ii) Choose vr = tti ■ ■ ■ 7r„ such that ip G M^^{Ai, . . . ,An)] af- 
ter identifying Ai with its image under tTj, we may assume that each vTj is 
the identity representation of a concrete C*-algebra Ai C B{Hi). By Theo- 
rem [HiSl u]^ lies in 

(/C(iJ„) n An) 0h iAl_, 0eh ■ ■ ■ 0ch A2) 0h (JCiHf) n A",). 

The conclusion follows from the fact that IC{Hi) fl Ai C /C(At) for i = l,n. 

(ii) ^(i) Let pi be the reduced atomic representation Ai B{Hi) for 
i = 1, . . . ,n. Since p' is an isometry, = p'{u^) lies in 

Pn(/C(A)) 0h (pLMn-l) ®oh • • ■ 0eh P2M2)) 0h P?(/CK)). 

By Theorem 7.5 of [28J, IC{Hi) n pi(A) = pi(/C(A)). By Theorem EIll 
G M,^,(A,...,A). 
(i)^(iii) is immediate from Theorem 16. 2[ 

(iii) ^(i) Suppose that {fa} ^ ^ffi-^ij ■ ■ ■ ^-^n) is a net such that \\ipa — 
fWm 0. By Lemma {fa} ^ Mj)j{Ai, . . . , An), where p is the ten- 
sor product of the reduced atomic representations of ^i, . . . ,An- By Theo- 
rem [621 G MP^iAl, ---,An)^ Mcc{Al, ---,An)- □ 
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In the next theorem we show that in the case n = 2 one more equivalent 
condition can be added to those of Theorem I6.4[ 

Theorem 6.5. Let A and B be C*-algebras andip G M{A,B). The following 
are equivalent: 

(a) there is a sequence {ipk}'^=i C ]C(A)&]C{B) such that Wipk — fWm 
as k ^ oo. 

Proof, (i)^(ii) By Theorem [631 e }C{B)0M^°); thus = Y^^i 
where a° E /C(^°), k E }C{B), i E N, and the series j^Zi and YlT=i « 
converge in norm. Let (pk = Yl\=i o-i ® h ^ A Q B. By Theorem 15.11 
'^Vk = Z]i=i ® a" and \\(p - (pk\\m = \\u^ - u^^ ||ch ^ as /c oo. 

(ii)^(i) Assume that A and B are represented concretely. It is clear 
that v?fc e Mcc{A,B). By Theorem iJl \\^id{^) - '^'id{v5fc)||cb = Hv^ - V^fcHm- 
Proposition l3.2l now implies that $id(>^) is completely compact, in other words, 
ipEM,,{A,B). □ 



7 Compact multipliers 

In this section we compare the set of completely compact multipliers with 
that of compact multipliers. We exhibit sufficient conditions for these two sets 
of multipliers to coincide, and show that in general they are distinct. Finally, 
we address the question of when any universal multiplier in the minimal 
tensor product of two C*-algebras is automatically compact. We show that 
this happens precisely when one of the C*-algebras is finite dimensional while 
the other coincides with the set of its compact elements. 

7.1 Automatic complete compactness 

We will need the following result complementing Theorem 13.41 Notation is 
as in Section [31 

Proposition 7.1. // $ : /Ch ^ ^{Hn.Hi) is a compact completely hounded 
map then %^{^) E lC{Hi) ®eh B{H2) ®eh ■ ■ ■ ®eh B{Hn-l) ®eh ^{Hn)- 

Proof. Fix £ > 0. By compactness, there exist yi,. . . ,yi E /C(iJ„,iJi) such 
that mini<j<£ — yi\\ < e for each x E /Ch with ||x|| < 1. 

Let {pa} (resp. {qa}) be a net of finite rank projections finite rank in 
/C(ifi) (resp. ]C{Hn)) such that Pa ^ I (resp. qa — >■ /) strongly and let 
$Q, : /Ch — ^ ^{Hn^Hi) be the map given by $q-(x) = pa^{x)qa. Let u = 
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•Jq^^^) and Ua = •jQ^^^a)- Since each yi is compact there exists ao such that 
WPaUiQa — UiW < e for i = 1, . . . ,i and a > a^. Moreover, for any x G /C^, 
< 1 and a > ao, we have 

- $(x)|| < min{||$Q(a;) - PaViqaW + WPaViqa - ViW + WVi - 

l<i<£ 

< min {2 II <l>(x) - ?/i II + WpaViQa - 1/i II } < 3e, 

l<i<£ 

so ||$a - $11 0. Remark [33] (i) shows that Ua e /C(ifi) (-^(-^^2) ®eh 
• ■ ■ (S>ch B{Hn-i)) ®h ^{Hn); it follows that for every G {B{H2) (8>eh ■ ■ ■ ®eh 
B{Hn-i) ®eh B{Hn))* wc have Ru,{ua) e lC{Hi). 

Suppose that ^j, r/j G ifj and let oji = uj^-^jj. be the corresponding vector 
functional. Lemma 15.31 and a straightforward verification shows that if f G 
B{Hi) (S)eh ■ ■ ■ ®ch B{Hn) has a representation of the form v = Aid) . . . Q An 
and = to'2 ® ■ ■ ■ ® cUn then 

where 

C = ((%* ® 6) ® (%* ® 6) ® ■ ■ ■ ® ® K ® ^-i)) e /Ch 

is an elementary tensor whose components are rank one operators. 

Since 7o('Ua) — ^ lo{u) in norm, ( fT3l) implies that Ruj{ua) — ^ Rujiu) in the 
operator norm of /C(ifi). Since Ru,{ua) G }C{Hi), we obtain Rujiu) G /C(ifi). 
By Lemma 15. 4[ m G IC{Hi) d)eh '^(-^2) ®ch ■ ■ ■ ®eh B{Hn). Similarly we see 
that M G B{Hi) ®eh B{H2) (8>ch • • ■ ®ch B{Kn); the conclusion now follows. □ 

Remark. The converse of Proposition 17.11 does not hold, even for n = 2. 
Indeed, let {pi}^i be a family of pairwise orthogonal rank one projections 
on a Hilbert space H and let u = Yl'iLiPi ®Pi- Then u G KL{H) ®c\i ^{H) 
and the range of 7o(m) consists of compact operators, but 7o(M)(pj) = Pi for 
each so 70 (m) is not compact. 

Given C*-algebras Ai, . . . , we let Mc{Ai, . . . , be the collection of 
all if G M{Ai, . . . , for which there exist faithful representations tti, . . . , 7r„ 
of ^1, ... , An, respectively, such that if vr = tti ■ ■ ■ ® 7r„ then the map ^■k{^) 
is compact. We call the elements of Mc{Ai, . . . ,An) compact multipliers. 

As a consequence of the previous result we obtain the following fact. 

Proposition 7.2. Let Ai, . . . ,An be C*-algehras and letip G Mc{Ai, . . . ,An)- 
Then 




}C{An) (8ch ®eh ■ ■ ■ ®ch A2 ®eh if ^ CVCn, 

K^{An) ®eh An-i ®eh " " " ®eh A2 ®eh K,{Al) if H iS odd. 
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Proof. We only consider the case n is even. We may assume that Ai C 
B{Hi) is a concrete non-degenerate C*-algebra, i = 1, . . . ,n, and that is 
compact. By Propositions 15.51 and 17.11 belongs to 

®ch ■ ■ ■ ®ch ^(ifs) ®ch /C(/Jf)) n [An ®ch ■ ■ ■ ®ch ^l). 

Since /C(i/„) n A ^ /C(A) and /C(i/f) n^f C IC{Af), an application of © 
shows that E /C(A) ®ch ®ch ■ • • ®ch ^2 ®eh /C(^'j^). □ 

If {.Ajjjgj is a family of C*-algebras, we will denote by ©^gj^j and (B^j'^jAj 
their cq- and ^oo-direct sums, respectively. 

Theorem 7.3. Let Ai,...,An be C*-algebras, and suppose that IC{Ai) is 
isomorphic to and }C{An) is isomorphic to 0^gjiWn^. where J is 

some index set and sup^g j mj and sup^gj nj are finite. Then 

Me(^l,...,A) =Mee(A,...,A). 

Proof. We give the proof for n = 3; the case of a general n is similar. Let 
m = sup{mj,nj : j G J}. By hypothesis, }C{Ai) and K-iAs) may both be 

embedded in the C*-algebra C =^ ®%j for some m G N; without loss of 
generality, we may assume that this embedding is an inclusion and that Ai 
is represented faithfully on some Hilbert space Hi such that Hi and H^ both 
contain the Hilbert space 

H = 0jgjC™. Given cp G M^Ai, A2, A3), Proposition O implies that 
the symbol of ip can be written in the form = A^Q A2& Ai, where the 
entries of ^3 and Ai belong to C. Let {cij : i, j = 1, . . . , m} be the canonical 
matrix unit system of and let Pk = ©^gj ^kk ^ ©jeJ ^"i' k = 1, . . . ,m. 
For A;, £, s, t = 1, . . . , m, we set Ag'^ = PkA-^iP^ O /) and Af = (P, O I)AiPt 
and define 

= ^3'^ ^2 ^1'* and ^k,e,s,t = lo{uk,e,s,t)- 

Then 7o(M(p) = $ = J2k e s t ^k,e,s,t so it suffices to show that each of the maps 
^k,e,s,t is completely compact. Now 

$M,.,t(^20Ti) = Pk<l>{PeT2mPs)Pt = AYmT2W)MiTiPsW)Ai'- 

Thus, ^k/,s,t can be considered as a completely bounded multilinear map 
from IC{Hi ',PeH) x IC{PsH,Hi) into IC{PtH,PkH). Since $ is compact, it 
follows that ^k,e,s,t is compact. 

Take a basis {e] : i = 1, . . . ,m, j G J} of i/ = ©^gj C'", where for each 

j G J, the standard basis of the j-th copy of is {el : i = 1, . . . , m}. Let 
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Uk : PkH PiH be the unitary operator defined by U^el = e{. Consider 
the mapping ^ : 1C{H^, P^H) x lC{PiH, Hi) ]C{PiH, P^H) given by 

To show that ^k,e,s,t is completely compact it suffices to show that \E' is. Let 
Co = PiCPi] then Cq is isomorphic to cq and its commutant Cq has a cyclic 
vector. Moreover, \E' is a Cg-modular multilinear map. Let {pa} be a net 
of finite dimensional projections belonging to Cq, such that s-limpa = /pji^. 
Consider the completely bounded multilinear maps \I/q,(x) = Pa'^{x)pa- Since 
the ranges of the paS are finite dimensional, \I/q, has finite rank and is hence 
completely compact. Since \l/ is compact, we may argue as in the proof of 
Proposition 17. ll to show that ||\1/q, — 0. Now the maps \1/ and \I/q, are Cq- 
modular and Cq has a cychc vector, so by the generalisation [T^l Lemma 3.3] 
of a result of Smith [231 Theorem 2.1], 

Proposition 13.21 now implies that \1/ is completely compact. □ 

The following corollary extends Proposition 5 of pjj to the case of mul- 
tidimensional Schur multipliers. We recall from [12] that with every G 
iooi^i X ■ ■ ■ X Xn) we associate a mapping S*^ : £2(^1 x ^2) © ■ ■ -Ghi^n-i x 
^n) ^2(^1 X X^) which extends the usual Schur multiplication in the case 
n = 2. We equip the domain of 5";^ with the Haagerup norm where each of 
the terms is given its operator space structure arising from its embedding 
into the corresponding space of Hilbert-Schmidt operators endowed with the 
operator norm. 

Corollary 7.4. Let Xi, . . . ,X„ be sets and (p E ioo{Xi x ■ ■ ■ x X„). The 

following are equivalent: 
(i) is compact; 

(li) if e Co(Xi) (g)h (^00(^2) ®ch ■ ■ ■ ®ch ^oo(Xn-l)) ®h Co{Xn). 

Proof. Assume first that is compact. For notational simplicity we assume 
that Xi = N, i = 1, . . . ,n. It follows from [12^ Section 3] that the map S^p 
induces a completely bounded compact map 

5^ : C2 X . . . X C2 ^ C2 

defined by S^p{Tf^, . . . , T/^) = Ts^{f-^^...j„), where Tf is the Hilbert-Schmidt op- 
erator with kernel /. By Proposition 17. 11 (p = %^{S^) e /C(£2) ®eh '^(^'2) ®eh 
. . .®eh'B(£2)®chAI^(^2)- Since is bounded, is a Schur multiplier and by [12], 
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Theorem 3.4], G £oo®eh- • -^eh^oo- Hence G Co®eh^oo®eh- • -^eh^oo^ehCo- 
We may now argue as in the last paragraph of the preceding proof to show 

that V9 G Co ®h (^oo ®eh ■ ■ ■ ®eh ^oo) ®h Cq- □ 

Our next aim is to show that if both }C{Ai) and }C{An) contain full matrix 
algebras of arbitrarily large sizes then the completely compact multipliers 
form a proper subset of the set of compact multipliers. Saar has provided 
an example of a compact completely bounded map on K,{H) (where if is a 
separable Hilbert space) which is not completely compact. It turns out that 
Saar's example also shows that the sets of compact and completely compact 
multipliers are distinct, in the case under consideration. 

We will need some preliminary results. Let A and B be C*-algebras. 
Recall that a linear map <^ : A B is called symmetric (or hermitian) if 
$ = $* where : A^ B is the map given by $*(a) = ($(a*))*. By Sa we 
denote the unit ball of A and set 5^ = {a G S*^ : a = a*}. The following 
lemma is a special case of Satz 6 of ^2]J. We include a direct proof for the 
convenience of the reader. 

Lemma 7.5. Let H he a Hilbert space. If ^ : A ^ ^{H) is a symmetric, 
completely compact linear map with ||$||cb ^ 1; then there exists a positive 
operator c G JC{H) such that $*^")(a) < c ® 1„ for all a E ^m^^a) ^'"'^ 
n G N. Moreover, c can be chosen to have norm arbitrarily close to one. 

Proof. We first show that for a given e > there exists a finite rank projection 
p on H such that 

||$(")(«)-(P®ln)$^"H«)(P®ln)|| <e for any a eSM,M)- (14) 

Since $ is completely compact, there exists a finite dimensional subspace 
F C JC{H) such that dist(<l>(")(a), M„(F)) < £/3for anya G M„(^), ||a|| < 1 
and any n G N. Let Sp^i+e = {x E F : \\x\\ < 1 + e} and let k = dimF. 
Choose a finite rank projection p G }C{H) such that 

\\x — pxpW < — for all X G Spi+e 

k{3 + e) 

and let : F ^ /C(if) be defined by ^'(x) = x-pxp. By P Corollary 2.2.4], 
\1/ is completely bounded and H^I/llcb < ^11 ^11- This implies that 

\\^^-\y)\\<km ||y||<^|b||<| 
for all y G M„(F) with \\y\\ < 1 + e/3. 
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Now for a G let y E M.^{F) be such that ||$(")(a) - y\\ < e/3. 

Then \\y\\ < H^^^Ho)!! + < l + e/3. Hence 

< ||<l>W(a) - yll + \\^^-\y)\\ + - ln)|| 

<£/3 + e/3 + e/3 = e, 

proving (fT^ . Next we fix £ > and choose a finite rank projection qi on if 
such that 

||$(")(a) - (gi ® l„)$(")(a)(gi ® 1„)|| < |, a G M„(^), ||a|| < 1, n G N. 

Let ri : A ^ ^{H) be the mapping given by ri(a) = $(a) — gi$(a)gi, a G ^. 
Then ri = \t' o $, where \I/ : K,{H) ^{H) is the completely bounded map 
given by = x — qixqi. By Proposition 13. 2[ ri is completely compact. 

Moreover, ||ri||cb < £^/2 and $(a) = gi$(a)gi + ri(a), a G ^. Proceeding by 
induction, we can find sequences of finite rank projections q^ and completely 
compact symmetric mappings such that ||rj||cb < £/2* and 

oo 

$(a) = gi$(a)gi + ^ gi+iri(a)gi+i, a G A 

i=l 

Let c = gi + Xli^i ^Q'i+i- We have that <l'*^"'^ and r^-"^ are symmetric and 

oo 

$W(a) = (gi ® l„)$(")(a)(gi ® 1„) + ^(g^+i ® l„)rf ® In), 

for each a E A. Now 

oo oo 
i=l i=l 

for all a G By construction, c is compact and ||c|| <l+e. □ 

Let if be an infinite dimensional separable Hilbert space and {g^lfceN be 
a family of pairwise orthogonal projections in B{H) with rank qk = k and 
Er=i = I- Set = ELi Ik, n G N. Let : Biqi,H) ^ S(gfcii), G N, 
be symmetric linear maps such that 

oo 

||$fc||cb = l, ||$fc|| ^ as A; ^ oo, and ^ ||$fc||^ < cx), (15) 

k=l 
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where H^fclh denotes the norm of the mapping $fc when B{qkH) ~ C2{qkH) is 
equipped with the Hilbert-Schmidt norm. Identifying B{qkH) with qkB{H)qk, 
let $ : IC{H) B{H) be the map given by the norm-convergent sum 

oo 

*(^) = I]® MQkXqk), X G ]C{H). (16) 

k=l 

An example of such a map is obtained by taking $fc = k'^^Tk where is 
the transposition map B{qkH) ~ Mk Mk — B{qkH), which is symmetric 
and an isometry for both the operator and the Hilbert-Schmidt norm. It is 
well known (see e.g. [201 p. 419]) that ||Tfc||cb = k and hence conditions ffT^ 
are satisfied. 

The next lemma is a straightforward extension of [211 PP- 32-34]. 

Lemma 7.6. // $ is a map satisfying ( f73]) and 17^) then the range of $ 
consists of compact operators. Moreover, $ is completely contractive and 
compact but not completely compact. 

Proof. Fix X G IC{H). Since ||$fc|| -^k^oo as we have p„$(x)p„ $(x) 
in norm, so $(x) G IC{H). Each of the maps x i— >• ^k{qkxqk) is completely 
contractive, so $ is completely contractive. 

Next, note that $ maps the unit ball of }C{H) into t/ =^ f/i © f/2 © ■ ■ ■ , 
where Uk is the ball of radius ||$fc|| in qkB{H)qk. Since U is compact, the 
map $ is compact. 

If $ were completely compact then by Lemma 17.51 there would exist a 
positive compact operator c on H such that 

^^^\x) <c®lk for all X G Sl^^^^f^^-^^ and all A; G N. 

^A4(B(/i-))' 

® U)x{qk © U)) = (gfe © lk)^^^\x){qk © Ife) < qkcqk © U- 
However, H^fc'^^H = ||*^'fc||cb = 1 by ^22j and is symmetric, so 

hkCqkW = hkcqk © Ifcll > sup{||<l>f^(x)|| : x G ^MfcfeB(H)g,)} = 1, 

which is impossible since c is compact. □ 

Lemma 7.7. Let C = 0^gpj i3(gfeif) C 1C{H). Then there exists ^ G 
M(C'i,C) such that $ = $id(v). 



Hence for every A; G N and x ^ S\ 
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Proof. Let v?fc e B{qkHY B{qkH) be such that $id{(pfe) = ^ ^ N, where 
the family {$fc}£i satisfies ([IS]). Then ||v3fc||jnm = ll^fclh- Let ipn = Ylk=i Vfc- 
li n <m then \\tprn - ^n||min = II Y^T=n+i ^kh so 



llV^m - V^nllmin < ^ 11"^" 



2 

fc||2 



1/2 



fc=n+l 



By ( IT5|) . the sequence {i'n} converges to an element ip & C'^ ®C. Moreover, 
for every x G C2{H) we have 

*id(<^)(a;) = lim Pn^idi^){x)pn = lim $id(v>„)(x) = 

n— >oo 71— *oo 

where the limits are in the operator norm. So $id(i/j) = $ which is completely 
contractive by Lemma [7. 6[ so G M(C'^,C) by Theorem 14.31 □ 

Given C*-algebras Ai C B{Hi), i = 1, . . . ,n, and = C2 ® ■ ■ ■ ® c„_i G 
^2 • • ■ An-i, we may define a bounded linear map Ai An — i3i ^2 
• • ■ ^n, where Bi = ^1 if n is even and Bi = Af if n is odd, by 



a(d if) ®h if n is even, 
a'^ ® ip ®h if n is odd. 



We write for the restriction of this map to M[Ai, An)- 

Lemma 7.8. (i) The range of is contained in M{Bi,A2, ■ ■ ■ ,An)- 
(it) i^{Mf{Ai,An)) C M-f{Bi,A2, ....An). 

(Hi) Suppose thatn is even andu G {B{H^_i)^ch - ■ ■®c\iB{H2))*. Writing 

: B{Hn) 0eh B{Ht^) ®eh ■ ■ ■ 0eh BiH^) 0eh B{Hf) ^ B{Hn) 0eh B{Hf) 

for the "middle slice map" = R^^ ®eh ^d^{Hf)j have 

where = c^_i ■ ■ ■ C2. The same is true, mutatis mutandis, if n is odd. 

Proof. Let ip G M{Ai,An). By Theorem 12.31 there exist a net {<fu} ^ 
Ai An and representations = A^Q A\ and u^^ = A2 Q Ai, where A^ 
are finite matrices with entries in Ai if i = 1 and in An if z = 2, such that 
if I, ^ if semi- weakly, A^ — > Ai strongly and sup^j, ||^i'|| < 00. 

(i) It is easy to see that L^{fu) satisfies the boundedness conditions of 
Theorem 12.31 and converges semi- weakly to ijij{^p), which is therefore a uni- 
versal multiplier. 
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(ii) Suppose that n is even and let t = l^. It is immediate to check that 
iiipeAi&An and Ti G /C(i^f , H^), T„_i G /C(if^_^^ i/^) then 

® . . . ® Ti) = <l>^(T,_.ic^_i . . . C2T1). 

Note that this equation holds for any ip G M{Ai,An) since $<^_^(T) — > $ip(T) 
and $t(<^^)(r„_i ® . . . (g) Ti) ^ $t(^)(T„_i (g) . . . (g) Ti) weakly for any T, 
Ti, . . . , T„_i. Since is the composition of the bounded mapping Xn~i ® 
. . . (g) Xi I— > Xn_ic^_]^ . . . C2X1 with $<^, it follows that if is a compact 
operator multiplier then so is L{ip). 

(iii) We have that 

$.(^.)(T„-i ® . . . ® Ti) = A^(T„_i ® l)(c^_, ® 1) . . . (c2 ® l)(Ti ® 1)A'; 

A2(T„_i ® l)(cd_, ® 1) . . . (C2 ® l)(Ti ® 

weakly. On the other hand, $t(<p„)(T„_i (g . . . (g Ti) ^ (g . . . (g Ti) 

which implies that u^^^) = A2 Q (c^_i (g 1) • • • (c2 (g 1) Ai. It follows 
that M^(m,(^)) = uj{i!)u^. □ 

Theorem 7.9. Let Ai,...,An be C*-algebras with the property that both 
lC{Ai) and }C{An) contain full matrix algebras of arbitrarily large sizes. Then 
the inclusion Mcc{Ai, . . . , An) C Mc{Ai, . . . , An) is proper. 

Proof. We may assume that Ai C B{Hi), i = 1, . . . , n for some Hilbert spaces 
Hi, ... , Hn. First suppose that n = 2 and let H be an infinite dimensional 
separable Hilbert space with H'^ C Hi and H C H2. Let C ~ ^l^f^M^ 
be the C*-algebra from Lemma 17. 7[ Then C*^ C Ai and C C By the 
injectivity of the minimal tensor product of C*-algebras, ^ C Ai ^ A2. 

Let G C'^ C be given by Lemma 17.71 It follows from Lemma 17.61 that 
V? G Mc{Ai, A2) \ M^'^{Ai, A2). Since faithful representations of Ai and A2 
restrict to representations of C containing the identity subrepresentation up 
to unitary equivalence, we have that ip G Mc{Ai, A2) \ M^dAi, A2)- 

Suppose now that n is even. Let ip G Mc{Ai, An) \ Mcc{Ai, An), fix any 
non-zero ip = C2 ■ ■ ■ c„_i G ^2 ■ ■ ■ An-i and let us write t = l^. 
Suppose that L{ip) is a completely compact multiplier. By Theorem 16.41 
G /C(A) 0h {K-i ®ch • ■ ■ 0ch A2) 0h /C(^?). 

Let i) = c^_i • ■ ■ C2 G Af,_i 0ch ■ ■ • 0ch ^2 and fix w G (i3(i^'^_i)^0eh 
■ • ■ 0eh'B(if2))* such that Lj{ip) 7^ 0. By Lemma 17^ (iii). M^(ui(^)) = uj{%Ij)u^ 
and hence G /C(^n) 0h ^(-^i) which by Theorem 16.41 contradicts the 
assumption that is not a completely compact multiplier. 

If n is odd then the same proof works with minor modifications. □ 
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Remark 7.10. We do not know whether the sets Mcc{A,B) and Mc{A,B) 
are distinct if IC{A) contains matrix algebras of arbitrarily large sizes, while 
IC{B) does not (and vice versa). To show that the inclusion Mcc{C,co) C 
Mc(C, Co) is proper it would suffice to exhibit mappings $fc : Mk Mk 
which satisfy ( |T5l) and are left Dfe-modular (where is the subalgebra of 
all diagonal matrices of M^). This modularity condition would enable us to 
find ipk £ ® such that $fc = ^id(vPfc) using the method of Lemma 17.71 
and we could then conclude from Lemma rTGl that Mcc(C,co) C Mc(C,co). 
However, we do not know if such mappings exist. 

7.2 Automatic compactness 

We now turn to the question of when every universal multiplier is automati- 
cally compact. We will restrict to the case n = 2 for the rest of the paper. We 
will first establish an auxiliary result in a different but related setting. Sup- 
pose that A and B are commutative C*-algebras and assume that A = Co{X) 
and B = Cq(Y) for some locally compact Hausdorff spaces X and Y. The 
C*-algebra Co(X) ® Co(F) will be identified with Co(X x Y) and M{A,B) 
with a subset of Co{X x Y). Elements of the Haagerup tensor product 
Cq{X) ^"0(^)5 as well as of the projective tensor product Cq{X)^Cq{Y), 
will be identified with functions in Co{X x Y) in the natural way. Note that, 
by Grothendieck's inequality, Co{X) Co{Y) and Co{X)<^Co{Y) coincide 
as sets of functions. 

Proposition 7.11. Let X and Y be locally compact infinite Hausdorff spaces. 
Then Co{X) Cg)^ Co(Y) C M{Co{X),CoiY)) and this inclusion is proper. 

Proof. The inclusion Co{X) ®^ Co{Y) C M{Co{X),Co{Y)) follows from 
Corollary 6.7 of p^. To show that this inclusion is proper, suppose first 
that X and Y are compact. By Theorem 11.9.1 of [H], there exists a se- 
quence (/j)^i C C{X) ®h C(Y) such that supjgj^ < 00 converging 
uniformly to a function / G C(X x Y) \ C{X) ®^ C(V). By Corollary 6.7 
of [H], / G M(C(X),C(F)). The conclusion now follows. 

Now assume that both X and Y are locally compact but not compact 
(the case where one of the spaces is compact while the other is not is similar) . 
Let X = X U {00} and Y = Y U {00} be the one point compactifications 
of X and Y. Then C{X) = Co{X) + CI and C{Y) = Co{Y) + CI, where 1 
denotes the constant function taking the value one. Moreover, it is easy to 
see that 

C(X) ® C(f) = Co(X xY) + CoiX) + Co{Y) + CI 
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and 

C{X)^C{Y) = CoiX)0Co{Y) + CoiX) + Co(r) + CI. (17) 

By the first part of tlie proof, tliere exists ^ e M{C{X),C{Y)) \ C{X) (8)h 
C{Y). Write = Lpi + (^2 + 'fs + wliere ifi E Co(X x Y), ip2 G Co{X), 
ip3 e Cq(Y) and (^4 e CI. Suppose tfiat ^1 G Co{X) Co(r). By 1^, 
ip e C{X)(g)C{Y), a contradiction. □ 

Theorem 7.12. Let A and B be C*-algebras. The following are equivalent: 

(i) either A is finite dimensional and }C{B) = B, or B is finite dimensional 

and 1C{A) = A; 

(11) M^{A,B) = M{A,B); 

(Hi) Mc^{A,B) = M{A,B). 

Proof, (i)^(iii) Suppose that A is finite dimensional and }C{B) = B, and 
that A C B{Hi) and B C B{H2) for some Hilbert spaces Hi and H2 where 
Hi is finite dimensional. Fix (f G M{A,B). Then (f is the sum of finitely 
many elements of the form a ^ b where a has rank one and b G IC{H2); such 
elements are completely compact multipliers by Theorem 16.41 

(iii)^(ii) is trivial. 

(ii)^(i) Assume that both A and B are infinite dimensional and are 
identified with their image under the reduced atomic representation. If either 
}C{A) or }C{B) is finite dimensional then there exists an elementary tensor 
a (g) 6 G ;B) \ {IC{A) © IC{B)). By Proposition [721 a ® 6 ^ Mc{A, B). 
We can therefore assume that both IC{A) and IC{B) are infinite dimensional. 
Then, up to a ^-isomorphism, cq is contained in both IC{A) and K,{B). By 
Proposition 17.111 there exists ip G M(co, Cq) \ (cq ®h Cq). Then G M{A, B) 
and $id((p) is not compact by Hladnik's result [1^. Since the restrictions to 
Co of any faithful representations of A, B contain representations unitarily 
equivalent to the identity representations, we see that ip is not a compact 
multiplier. 

Thus at least one of the C*-algebras A and B is finite dimensional; as- 
sume without loss of generality that this is A. Suppose that B 7^ 1C{B) and 
fix an element an 6 G i3 \ 1C{B). Let a G ^ be a non-zero element. By 
Proposition 17.21 the elementary tensor a ® 6 is not a compact multiplier. □ 
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